A symmetry analysis of the cylindrical target implosion driven by a highfrequency rotating beam of heavy ions is presented. The non-uniformity generated by such a system is studied by developing an analytical model and by performing two-dimensional simulations. The results show that the asymmetry in the driving pressure depends on the number N of beam revolutions as N −n and the power index n is determined by the time variation of the power pulse. For a box pulse, it is n = 1 and for a parabolic pulse, it is n = 2. In the latter case symmetry of 1% can be achieved at the end of the pulse by using N = 10.
Introduction
The study of matter under extreme conditions of pressure and density is of great interest to astrophysics, planetary sciences and inertial fusion. Intense beams of heavy ions are an excellent laboratory tool for such studies because these beams can generate extended volumes of high-energy density (HED) matter including strongly coupled plasmas [1, 2] . In addition to that, due to the high efficiency and high repetition rate of heavy ion accelerators, intense heavy ion beams are considered to be the most likely candidate for driver to inertial fusion [3] [4] [5] . The heavy ion synchrotron SIS18 at the Gesellshaft fur Schwerionenforschung (GSI), Darmstadt, is a unique facility which delivers intense beams of different heavy ion species. These beams have enabled important research in the field of HED matter during the past decade [6] [7] [8] . The upgrade of this facility that is presently being performed will increase the beam intensity significantly while the pulse length will be reduced to about 50 ns. GSI has also proposed the 4 Author to whom any correspondence should be addressed. 5 Gesellschaft für Schwerionenforschung, Planckstrasse 1, 64291 Darmstadt, Germany. construction of a new synchrotron ring SIS100, which will deliver a heavy ion beam with a much higher intensity than the upgraded SIS18 facility.
Several interesting experiments that will be performed at these facilities involve irradiation of simple as well as multi-layered cylindrical targets, which will be irradiated axially from one side (face) [9] [10] [11] [12] . The target schematic diagram of one such future experiment is shown in figure 1 . It is seen that the target consists of a thick shell made of solid lead that encloses a cylinder of frozen hydrogen. One face of this target is irradiated by a heavy ion beam which has an annular (ring-shaped) focal spot. The inner radius of the focal spot ring, R 1 , is considered to be larger than the radius of the hydrogen cylinder, R h0 . This avoids direct heating of the hydrogen by the ion beam. The outer radius of the focal spot ring, R 2 , is less than the outer radius of the lead shell, R 0 . The deposition region therefore lies between R 1 and R 2 and a shell of cold lead is introduced between the absorption region and the hydrogen which we call the pusher. The temperature and the pressure in the absorption region increase substantially due to the energy deposition. This high pressure generates a strong shock that is launched into the pusher and is subsequently transmitted into the hydrogen. Due to multiple reflection of this shock between the cylinder axis and the pusher-hydrogen boundary, low-entropy compression of hydrogen takes place that leads to very high densities (10-15 times solid density) while the temperature remains relatively low (a few thousand Kelvin). This scheme is suitable for the study of the problem of hydrogen metallization [13] [14] [15] .
The dynamics of the above multi-layered cylindrical target design has been recently studied by means of one-and two-dimensional numerical simulations and by an analytical model [11, 12] . However, a challenging problem in such a target design is the generation of the annular region of absorption of the beam energy. One possibility of achieving such a beam spot configuration is to employ a high-frequency rf-wobbler that will rotate the ion beam with a rotation frequency of the order of gigahertz [16, 17] . The generation of the required annular shape of the target heated region by such a rotating beam will introduce asymmetries in the target implosion that must be kept within an acceptable range (a few per cent in the driving pressure) in order to achieve the symmetric compression of the sample material.
Recently, we performed simple analytical estimations of the required rotation frequency needed for a given symmetry level by assuming the simplest shape for the beam focal spot (sector of a ring), uniform energy distribution and a constant absorbed power pulse P 0 with a duration τ p (figure 2) [17] . In such a case, the time t T required to increase the driving pressure by an amount p in a region with the surface of the focal spot A fs , is proportional to the time needed to increase the pressure in the whole absorber (with area A a ) by the same amount. The latter time must be equal to the rotation period T = 2π/ω, where ω is the rotation angular velocity, which leads to [17] It is to be noted that t T is just the transit time of the focal spot across a given angular position. The increase in pressure p (the absolute asymmetry) is given by
where γ is the enthalpy coefficient. In equation (2) and hereafter we consider a unity length cylindrical target. Also the absorber mean pressure at the end of the pulse is given by
The relative asymmetry therefore turns out to be [17] 
where N is the number of revolutions performed by the rotating beam during the pulse length. In this analysis we neglect the hydrodynamic effects introduced due to the absorber expansion, provided that the beam rotation velocity ωR 1 is much larger than the sound speed [17] in the absorber. This simple calculation shows that with a rotation frequency ν = ω/2π = 2 GHz and a pulse duration, τ p = 50 ns, it is possible to achieve an asymmetry level of 1%. This is equal to the intrinsic asymmetry inherent to this system because of the technological constraints [16] . Nevertheless, a more complete analysis of the symmetry level that can be achieved with a given rotation frequency requires consideration of more realistic features such as the circular shape of the beam focal spot, the spatial energy distribution of the beam and the time dependence of the power pulse. In this paper we study the problem of symmetry on the plane (r, θ ) of the cylindrical target irradiated by a rotating beam. This is performed by means of an analytical model and two-dimensional numerical simulations. In section 2 we discuss our analytical model and its application to the problem. In section 3 we present the numerical simulation results obtained by using a two-dimensional hydrodynamic code called CAVEAT [18] . A comparison between the simulations and the results obtained using the analytical model is also presented. Further discussion of the results is presented in section 4 while the conclusions drawn from this paper are noted in section 5.
Analytical model for the symmetry analysis
In our symmetry analysis we consider a heavy ion beam with a circular focal spot with a radius, r fs , which is rotated with a very high rotation frequency that generates an annular or a ring-shaped focal spot. The inner and outer radii of this ring are R 1 and R 2 , respectively. A schematic diagram of this scheme is presented in figure 3 . This absorber region surrounds a cold shell with an inner radius R h0 , which encloses the sample material (hydrogen). We first consider a uniform beam focal spot with a constant power P 0 having a pulse duration τ p . This case has been considered in order to study the influence of the circular shape of the focal spot on the calculations. Later, we include the effect of non-uniform energy distribution in the beam focal spot and the effect of an arbitrary time dependence of the power pulse.
Circular beam focal spot with constant power
For a constant temporal power profile (box pulse) and uniform energy distribution, we can still calculate the relative asymmetry by using equations (2) and (3). However, the exact proportionality between the transit time t T and the rotation period T given by equation (1) is no longer valid, but instead we have
where A fs = πr 
where θ 0 (r) is the half-aperture of the beam focal spot at a given radial position r
and then It is interesting to note that like equation (4), equation (8) shows the same dependence of pressure non-uniformity on 1/N , where N is the total number of revolutions. However equation (8) also shows dependence on the target geometrical parameter R c /r fs , and on the radial coordinate r. In fact, we can see that the circular shape of the beam focal spot introduces a radial distribution in the energy deposition in the absorber. Such a distribution is shown in figure 4 (a) (solid line) where we present p/p as a function of r given by equation (8) . Now we can easily generalize the previous results to an arbitrary radial energy distribution within the beam focal spot. Let r = r (r, θ ) be the radial coordinate with its origin at the centre of the focal spot, where r and θ are the polar coordinates of the target (figure 5). From figure 5 it is straightforward to obtain r = r (r, θ ) as If P [r (r, θ )] gives the spatial distribution of the energy in the beam focal spot, the absolute asymmetry will be
where θ 0 (r) is the maximum half-aperture that corresponds to a given radial position r, and it is given by equation (7) while t T (r) is given by equation (6) . On the other hand, the absorber mean pressure at the end of the pulse is
where E 0 is the total beam energy per unit of length. It is to be noted that since we are considering a box-shaped power pulse, the absolute asymmetry given by equation (10) is the same during each period and becomes equal to zero at the end of each of these cycles. Therefore, the relative asymmetry in the driving pressure at the end of the pulse is
For the particular case of a parabolic energy distribution we have
Then the relative asymmetry turns out to be
In figure 4(b) (solid line) we present the energy distribution in the annular absorber as given by equation (14) . It is seen that the parabolic energy distribution in the beam focal spot together with the circular shape of the focal spot create an energy distribution in the absorber energy.
Time dependent power pulse
It is seen from equations (11) and (12) that the dependence of p/p on 1/N holds for any spatial distribution of energy in the focal spot provided that we consider a box-shaped pulse of duration τ p . However, a realistic time dependence of the power pulse will be represented by some smooth function of time, such as, e.g. a Gaussian or a parabolic shape. In such a case, we can still calculate approximately the relative asymmetry p/p by considering that the beam rotates with a sufficiently high frequency that it results in a large number of revolutions N during the pulse duration (N 1). In this case, an arbitrary power pulse can be well approximated by a sequence of box pulses with different powers but with the same duration equal to a period T . That is, during each period the absolute asymmetry p(t) will remain constant and, as in the case discussed in section 2.1, it becomes zero at the end of each period [ p(t = nT ) = 0, n = 1, 2, . . .]. Actually this procedure will represent a good approximation if the characteristic time t c = P /(dP /dt), where P the beam power, is large compared to the period T . Of course, such a requirement cannot be satisfied at t = 0, when P = 0, and thus the initial asymmetry p(0) will be conserved up to the end of the pulse. Therefore, the asymmetry p(t) can be evaluated at any time by integrating the power over a time interval equal to the transit time t T (r), and then adding the initial asymmetry p(0) to that integral. If θ m = θ(r m ) is the maximum half-aperture of the focal spot corresponding to the radial position r = r m = (R 2 c − r 2 fs ) 1/2 , the maximum transit time will be t T m = 2θ m /ω. On the other hand, each radial position r corresponding to a given angular position is heated during the interval starting at t − t + and ending t − t − where t ± = t T m /2 ± t T (r)/2. Therefore, the absolute pressure asymmetry can be written as
where the beam power is
and P 0 is the maximum power. Equation (15) gives the instantaneous pressure asymmetry for an arbitrary power pulse with an arbitrary energy distribution in the focal spot. We can easily solve equation (15) for the particular case of a parabolic pulse with a parabolic energy distribution
where r (r, θ ) is given by equation (9). Then we obtain p at the end of the pulse (t = τ p ) by performing the corresponding integrals in equation (15) 
where p is given by equation (11) and we have neglected terms of the order of N −3 and N −4 . As one can see from equation (19) the spatial distribution of the absorbed energy in the target is not affected by the time dependence of the power pulse (compare with equation (14)). However, the parabolic pulse generates a relative asymmetry proportional to N −2 instead of the dependence as N −1 observed for the box-shaped pulse. We will discuss later how the time variation of the power pulse determines the dependence of the pressure asymmetry on the number of revolutions N . It is interesting to note that the symmetry is not determined by the rotation frequency ν or the pulse duration independently but by the combination ντ p , which gives the number of revolutions N = (ντ p ) −1 .
Two-dimensional simulation study
In order to check the validity of the analytic model presented in the previous sections we have performed a parameter study of the problem using a two-dimensional numerical code, CAVEAT [18] . Although CAVEAT is based on an arbitrary Lagrangian-Eulerian (ALE) scheme, we used it in a pure Lagrangian mode in order to detect the non-uniformity induced by the rotation of the ion beam more easily. A mesh of 200 × 80 cells in the (r, θ ) plane has been used. A few modifications have also been made to the code in order to simulate the energy deposition by a rotating beam.
In the simulations we consider the target parameters used in [12] . We assume a cylindrical target composed of a thick shell of solid lead which encloses a cylinder of solid hydrogen of radius R h0 = 0.04 cm. The inner radius of the absorber is R 1 = 0.06 cm and the outer radius is R 2 = 0.16 cm. This corresponds to a ring-shaped focal spot with a width equal to 0.1 cm. The target implosion is driven by an intense ion beam with a mean absorbed energy of E 0 = 5 kJ g −1 . We consider a rotation frequency, ν, between 0.05 and 5 GHz, and a pulse duration τ p of 20, 40 or 80 ns. A few simulations have also been done using E 0 = 2.5, 10 or 15 kJ g −1 . This has been done in order to check the independence of the relative asymmetry from the absorbed energy as predicted by equations (14) and (19) . For all these cases we have considered a box as well as a parabolic pulse in time and a parabolic power distribution in space. We have also considered the case of a uniform power distribution and we find that the specific energy deposition in the absorber is strongly shaped along the radius, as shown in figure 4(a) (dotted line) . The absorbed specific energy distribution for a parabolic power distribution in the focal spot is plotted in figure 4(b) (dotted line) . It is seen that there is an excellent agreement between analytical and numerical results. In addition to that, as expected, these spatial distributions of energy in the absorber are not affected by the time dependence of the power pulse.
In figure 6 we present the relative asymmetry in the driving pressure p/p at the end of the pulse (t = τ p ) and at the radial position r m where the pressure has a maximum, for both the box-shaped pulse and the parabolic pulse. The figure shows N −1 dependence and N −2 dependence for the box-shaped pulse and the parabolic pulse, respectively. This is in agreement with the analytical model presented in section 2. In figure 6 we show the results for different pulse durations τ p and frequencies ν as well as for different absorbed energies E 0 .
In figure 7 we plot the absolute asymmetry R h of the pusher-hydrogen interface after the shock reached this interface in all the angular positions. It has been shown in [17] that, for uniform radial heating, R h must be approximately proportional to p/p. In fact by considering a strong shock p ∝Ṙ 2 s and p ∝ 2Ṙ s Ṙ s then we have [17] 
where Ṙ s is the asymmetry in the velocity of the shock launched into the pusher, and R 1 is the asymmetry at the absorber-pusher interface. Neglecting the perturbation growth by Rayleigh-Taylor (RT) instability at this interface, we can assume R 1 ≈ R h that leads to
For a circular focal spot this simple estimation results to be accurate within a factor of 2 as shown in figure 7 where a comparison with the numerical data are presented. In figure 8 we show the time evolution of the absolute asymmetry p during the pulse duration for the case with N = 20 as it is given by the simulations (dotted line) and by the approximate expression of equation (15) (solid line). The simple model of section 2 agrees very well with the simulation results. Figure 9 shows how the asymmetry R evolves in the different Lagrangian surfaces within the pusher and the hydrogen. We consider a particular case with τ p = 20 ns and ν = 5 × 10 8 Hz that leads to an N = 2. For this case the asymmetry growth can be clearly seen. In the pusher region one observes fast growth of R for a certain period of time. After this characteristic time, R increases at a slower rate. In the hydrogen, on the other hand, the growth of this asymmetry rapidly increases for some time, and after that it stops growing. Fast growth observed in the pusher and in the hydrogen can be easily understood by considering that, because of the asymmetric heating of the absorber, a non-cylindrical shock is generated (the shock is nearly elliptical for this case with N = 2). This shock enters the pusher and later is transmitted into the hydrogen at different times in different angular positions. Thus, the asymmetry starts to grow when the shock first enters at a certain angular position, then it grows with a velocity equal to the local fluid velocity of the absorber-pusher interface. After the shock has penetrated through all angular positions into the pusher, the asymmetry generated up to this time behaves as the initial perturbation for the RT instability that develops in the absorber layers. A similar situation is observed in the hydrogen but, since the pusherhydrogen interface is not RT unstable during the acceleration phase, the asymmetry growth is reduced after the shock has entered the hydrogen. In this case and during the time in which the shock has not entered the hydrogen at any angular position, the growth velocity of the asymmetry is practically equal to the velocity of the pusher-hydrogen interface. During this period the asymmetry growth is dominated by the asymmetric shock, which hides the effect of the Richtmyer-Meshkov instabilities. In figure 10 we show the most asymmetric case we have considered (N = 2) when the shock has partially entered into the hydrogen. The pusher-hydrogen interface and the shock positions have been highlighted with continuous and dashed lines, respectively. a preliminary analysis of the RT instability during the implosion phase by performing twodimensional simulations with the code ABAQUS [20] , which includes the deviatoric part of the stress tensor that accounts for the plastic behaviour of the pusher material by using a perfect plastic model (i.e. the plastic yielding surface does not change with the plastic deformations) and a von Mises surface with an associative plastic flow. We have used the explicit version of this code, which is suitable for modelling fast transient phenomena. The code requires the yield strength Y and the shear modulus G for lead. Actually such parameters are not known under the physical conditions considered in this paper, for which a qualitative parametric analysis has been performed for the case with E 0 = 5 kJ g −1 by varying Y from zero (fluid) to 2 Mbar, which is above the solid value at normal conditions, and G from 1.5 to 4 Mbar, including within this range the corresponding solid value at normal conditions [20] . Besides, we have used a Mie-Gruneisen EOS in combination with the plastic model and we have compared the results with the ideal gas EOS for the case with Y = 0.
This preliminary study shows that for Y = 0 the RT instability growth rate does not change significantly when the Mie-Gruneisen EOS is used in comparison with the observed growth rate for the ideal gas EOS. On the other hand, when the elastic-plastic behaviour of the pusher material (Y = 0) is included, the RT instability growth rate is substantially reduced as Y and G are larger, as has been reported in [19] . This analysis will be extended in future research but for this paper we consider this to be sufficient to show that the ideal gas EOS used in the paper can be considered a pessimistic approach with regards to the RT unstable phase of the absorber-pusher interface.
Conclusions
We have performed an analysis of the symmetry level that can be achieved by using a highfrequency rotating beam to heat an annular region of a cylindrical target. We have developed an analytical model to study this problem. Moreover, we have carried out numerical simulations of this problem using a two-dimensional hydrodynamic code, CAVEAT [18] . Excellent agreement has been found between the analytical results given by our model and the numerical simulations. It has been found that the circular shape of the beam focal spot modulates the energy deposition distribution in the target absorption region, creating a heating gradient with a characteristic length of the order of the focal spot size r fs . This is certainly a very beneficial effect for mitigating the RT instability during the acceleration phase.
In addition to that, we find that provided the power pulse becomes zero smoothly during the last period, the relative asymmetry p/p is reduced, with the number of revolutions N at least as N −2 , and an asymmetry level of the order of 1% in the driving pressure can be reached at the end of the pulse using only N = 10. In general we observe that a smooth power pulse P (t) for which ∂ n P (t)/∂t n = 0, at t = 0 and τ p produces a relative asymmetry proportional to N −(n+2) , provided that the characteristic time t c for the pulse variation remains large in comparison with the period T .
